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The purpose of this work is to compare the category QTF introduced by 
D. Ponasse (cf. [7]) with some categories of sheaves and presheaves over a 
complete Heyting algebra, and with the category of Q-valued sets introduced by 
D. Higgs (cf. 13, 43). ‘p 1991 Academic Press. Inc. 
1. INTRODUCTION 
D. Higgs (cf. [4, 51) has introduced a category Y(Q) of Q-valued sets to 
obtain a categorical background for investigating interesting models of the 
theory of the equality with an existence predicate: these models are 
Q-valued, D being a complete Heyting algebra. 
This category is a topos, which is equivalent to the topos of Q-sheaves. 
D. Ponasse (cf. [7]) uses the expression “ensemble totalement flou” for 
an Q-valued set, considering the concept of Q-valued set as a generalization 
of the concept of fuzzy set (the equality itself is “fuzzified”). 
The morphisms of the category Y(4) are special Q-valued relations; 
hence from a more applied point of view, they are not very practical. So, 
D. Ponasse has replaced them by ordinary binary relations which are 
equipped with a special composition which takes into account the Q-valued 
situation of the equality. He has in this way obtained the category QTF. 
When Q is an anti ordinal (i.e., when Q, equipped with the opposite 
order, is an ordinal), the category OTF is a topos which is equivalent to 
the topos of all Q-sheaves (cf. G. Mycek [6]). 
In this paper, we shall prove that, for any complete Heyting algebra 0, 
the category QTF is equivalent to the category of all separated 
Q-presheaves. 
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2. TERMINOLOGY AND NOTATIONS 
l The category QTF defined by D. Ponasse (cf. [7]) has the follow- 
ing data: An object of QTF is an Q-valued set (X, a), i.e., X is a non-empty 
set, and ~7 is a map from Xx X to Q such that 
4% Y) = dY, x) 
4x, y) A 4y, z) d Q(X, z). 
A morphism R from (X, a) to (Y, z) is a binary relation R from X to Y 
such that 
VXEX, 3y~ Y:xRy 
xRy A x’Ry’ * a(x, x’) ,< z( y, y’) 
xRy A a(x, x) < z( y, y’) = xRy’. 
If R (resp. S) is a morphism from (X, O) to (Y, z) [resp. from (Y, T) to 
(2, p)], then the composition So R is defined by 
xS0 Rz 0 3y E Y, 32’ E Z: xRy, ySz’, a(x, x) 6 p(z, z’). 
[The meaning is clear: XSO Rz iff xSRz’, where SR is the usual composition 
of binary relations, and where z’ is “sufficiently” closed to z.] 
l For the following considerations, we fix some subcategories of 
QTF: QTF” is the full subcategory of QTF whose objects (X, a) satisfy (i) 
and (ii), where 
(i) 0(x, x’) = a(x, x) = 0(x’, x’) 3 x = x’. 
(i) means that the relation x <, x’o a(x, x’) = 0(x, x), which is always a 
preorder, is here in fact an order relation.) 
(ii) If j< a(x, x), there exists an element y of X such that 
4Y, x) = @(Y, Y) =j. 
(Such an y is unique if we suppose also (i); so (i) and (ii) imply the 
existence of some “restriction”.) 
sZTF* is the full subcategory of OTF”” whose objects (X, a) satisfy 
further 
(iii) If &AK is a “compatible” family of elements of X w.r.t. CJ 
[i.e., if Vk’, Vk”: a(~,,, x/y) = cT(xp, Xk’) A cT(Xk”) x,~,)], then there exists an 
element x of X which is the supremum of (xk)kcK w.r.t. 6,. 
l We recall that an Q-presheaf (or a presheaf over Q) is a con- 
travariant functor F from the canonical category ~2 to the category SET, 
that an 1;2-presheaf F is said to be separated iff: 
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(S) If xEF(i), x’~F(i’), if Kc [0, i A i’], and if x rk=x’ rk for 
any keK, then: x r v K=x’ r v K. 
or equivalently: 
(S’) If x~F(i), x’~F(i), if KcQ is such that v K=i, and if 
x rk=x’ rk for any kEK, then x=x’. 
Among them are the O-sheaves, which are Q-presheaves atisfying: 
F) If b&s~ is a family of elements uch that Vk: xk E F(ik) and 
Vk’, Vk”: xkt r ikC A ikC8 = xk” r ikC A ik”, then there exists a unique element x 
belonging to F(V,+ ik) and such that Vk: x r i, = xk. 
3. COMPARISON OF Y(Q) AND S2TF 
PROPOSITION 1. The category Y(Q) defined by D. Higgs is equivalent to 
the full subcategory OTF* of the category RTF defined by D. Ponasse. 
(a) D. Higgs has proved (cf [3,4]) that the category Y(Q) is equiu- 
alent to the category Sh(s2) of Q-sheaves. 
(b) We may define a functor a from Sh(Q) to SZTF as follows: 
a(F) = (X,, a,), where A’,= LIisR F(i) (disjoint union) 
r+(x,x’)=v (k&/x rk=x’ rk}. 
Zf t is a natural transformation from F to G, a(t) is the binary relation 
from X, to X, defined by 
zfx~F(i), y~G(j): xa(t) yoi<j and ti(x)= y r i. 
In fact, a defines a functor from Sh(L2) to sZTF*. 
(c) We may define a functor $9 from QTF* to Sh(sZ) as 
93(X, u) = F, where F(i) = {x E X/0(x, x) = i}. 
If j < i, and if x E F(i), then x 1 j is by definition the unique element y of 
F(j) such that y 6, x. 
If R is a morphism (in the sense of D. Ponasse) from (X, a) to (Y, t), 
then a(R) is the natural transformation from F= B(X, u) to G = B( Y, T) 
given by 
If x~F(i), B(R),(x) is the unique element y of G(i) such 
that xRy. 
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4. ABOUT THE MORPHISMS OF THE CATEGORY QTF"" 
l We say that a morphism R, in QTF, from (X, 0) to (Y, z) is a 
functional morphism iff 
VXEX, 3! y(x) E Y: xRy(x) A t(y(x), y(x))= B(X, x). 
For example, the identity morphism of (X, (z) [given by x$x’ o x 6, x’] 
is functional iff (X, a) satisfies the condition (i). 
PROPOSITION 2. Let R be a morphism, in QTF, from (X, a) to (Y, 7). 
Then, if ( Y, T) satisfies the conditions (i) and (ii), R is necessarily functional. 
COROLLARY. The morphisms of the category QTF”” are all functional. 
As a consequence, we have the following proposition: 
PROPOSITION 3 (How to determine a morphism in QTF’“). (a) A 
morphism R, in OTF”“, from (X, o) to (Y, z) can be identified with a 
map-also denoted by R-from X to Y such that 
z(W), R(x)) = 4x, xl 
4x, x’) 6 z(R(x), R(x’)). 
(b) A morphism R, in QTF”“, from (X, a) to (Y, z) can also be 
identified with a map--also denoted by R-from X to Y such that 
Mx), R(x)) = 4x, x). 
If j< a(x, x) and if x r j denotes the only element of X such that 
a(x 1 j, x r j) = a(x rj, x) = j, then: R(x 1 j) = R(x) r j. 
5. COMPARISON OF QTF, QTF”“, AND THE CATEGORV 
0~ R-SEPARATED PRE~HEAVES 
Notations. Spp sh(L?) will denote the category of all separated 
Q-presheaves. 
PROPOSITION 4. The categories QTF”” and Spp sh(S2) are isomorphic. 
It is clear with Proposition 3. 
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PROPOSITION 5. The categories QTF and QTF”” are equivalent. 
(a) It is sufficient to prove that any object of QTF is isomorphic (in 
QTF) to an object of QTF satisfying (i) and (ii). 
(b) It is easy to construct such an object in a direct way: we begin 
by adjoining formal restrictions and by extending the equality in a suitable 
manner; then we obtain (i) by considering an equivalence relation (which 
is compatible w.r.t. the equality). 
It is also possible to give a more sophisticated proof, by considering a 
certain kind of singletons of (X, c), in the sense of D. S. Scott (cf. [3], and 
the remark (b) above). 
So. we have the: 
COROLLARY. The category s2TF given by D. Ponasse is equivalent to the 
category of separated SZ-presheaves. 
6. SOME REMARKS 
(a) An application of the last corollary is: except in the case of 0 is 
an anti ordinal (cf. [S]), the category QTF is not a topos, but is a quasi- 
topos in the sense of 0. Wyler and J. Penon (cf. [2]). 
(b) Let ,%&SET the category whose objects are the Q-sets and whose 
morphisms are defined in this manner: a morphism R from (X, a) to (Y, r) 
is a map R from X to Y such that: t(R(x), R(x)) = a(x, x) and 
4x, x’) d z(W), R(x’)). 
It is possible to define a triple on this category in such a way that the 
Kleisli category associated with this situation appears as QTF and that the 
category of algebras with respect to this triple appears as QTF”“. This 
triple being degenerated, we can obtain our results as an application of the 
general theory of degenerated triples. 
This remark has been suggested to us by U. Hohle. 
A large generalization of this situation can be found in [3]. 
(c) In [l], S. Benkaddour has defined another category isomorphic 
to Spp sh(0) and JTF”” to emphasize the role of the order relation <,. 
REFERENCES 
1. S. BENKADWUR, “Relation entre ensembles totalement flous et ensembles ordonnts,” thtse 
de Doctorat de 3” Cycle, Universitk Claude Bernard, Lyon I, 1986. 
278 COULON AND COULON 
2. J. COULON AND J. L. COULON, Is the category JTF a topos?, in “Fuzzy Sets and Systems,” 
Vol. 27, No. 1, p. 11-19, 1988. 
3. J. COULON, J. L. COULON, AND U. H~JHLE, Classification of extremal subobjects in 
categories of algebras over SM-SET, submitted for publication. 
4. D. HIGGS, “A Category Approach to Boolean Valued Set Theory,” preprint, Univ. of 
Waterloo, Waterloo, Ontario, Canada, 1973. 
5. D. HIGGS, “Injectivity in the topos of complete Heyting valued algebra sets, Cunad. J. 
Math. 36, No. 3 (1984), 5X%568. 
6. G. MYCEK, “Deux topos isomorphes d’ensembles totalement lous,” These de Doctorat de 
3” Cycle, Universite Claude Bernard, Lyon I, 1983. 
7. D. PONASSE, Categorial studies of fuzzy sets, Fuzzy Sets and Systems, to appear. 
